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a b s t r a c t
Let C be a plane convex body. The relative distance of points a, b ∈ C is the ratio of the
Euclidean distance of a and b to the half of the Euclidean distance of a1, b1 ∈ C such
that a1b1 is a longest chord of C parallel to the line-segment ab. It was conjectured that
there exists no plane convex body whose boundary contains ten points at pairwise relative
distances greater than 23 . In this paper we disprove this conjecture. And we construct a
nonagonwhose relative distances of arbitrary two consecutive vertices are equal to
√
3−1.
© 2011 Elsevier B.V. All rights reserved.
Let k ≥ 2 be an integer. Finding k points on the sphere or in the ball of a Euclidean n-space En such that their pairwise
distances are as large as possible is a long-standing problem of geometry. We can refer to [5–7] for this kind of problem.
A generalization of this problem was given by Doyle et al. [4], and by Lassak [13]. Doyle et al. [4] considered the points on
the boundary of the unit ball C of a Minkowski space, and measured their distances in the Minkowski metric. Lassak [13]
gave a more general approach, where C is an arbitrary convex body, and the problem is to find configurations of points
on the boundary of C , whose pairwise distances are large in the sense of the following C-distance of points. Some results
concerning this kind of distance appeared in [1–3,8–16].
We use some definitions from [3]. For arbitrary points a, b ∈ En, we denote by ab the line-segment connecting the points
a and b, by |ab| the Euclidean length of the line-segment ab. Let a1b1 be a chord of C parallel to ab such that there is no
longer chord of C parallel to ab. The C-distance dC (a, b) of points a, b is defined by the ratio of |ab| to 12 |a1b1|. If there is no
confusion about C , we may use the term relative distance of a and b.
Denote byΦk(C) the greatest possible number d such that the boundary of C contains k points at pairwise C-distance at
least d, and denote by C the family of plane convex bodies.
Let Φk(C) = sup{Φk(C)|C ∈ C}. Then clearly Φk(C) = 2 for k = 2, 3, 4. It is well known that Φ5(C) =
√
5 − 1 [3],
Φ6(C) = 8− 4
√
3,Φ7(C) = 1 [10], andΦ8(C) = 1 [15].
Lángi conjectured that there exists no plane convex body whose boundary contains nine points at pairwise relative distances
greater than 4 sin π18 , and that there exists no plane convex body whose boundary contains ten (or eleven) points at pairwise
relative distances greater than 23 [11].
In 2010, Lan and Su showed thatΦ9(C) ≥ 6−2
√
7 (>4 sin π18 ) and thus the above conjecture about nine points fails [9].
In this paper we improve the lower bound for Φ9(C) further to
√
3 − 1. We also disprove the above conjecture about ten
points by showing thatΦ10(C) > 23 .
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Fig. 1. The decagon D in Theorem 1.
Our proofs make use of the following observation. For arbitrary points a, b ∈ En and for arbitrary convex bodies C1 ⊂ C2,
it is clear that dC2(a, b) ≤ dC1(a, b), since the length of the longest chord of C2 parallel to ab is greater than or equal to
that of the longest chord of C1 parallel to ab. Therefore to find an upper bound of the minimum pairwise relative distances
of k points in the boundary of an arbitrary plane convex body it suffices to examine convex k-gons with the k points at
the vertices of the k-gon. That is, to determine Φk(C) it suffices to examine the relative distances of every two consecutive
vertices of convex k-gons. We denote by pq the straight line passing through the points p and q. For simplicity, if two lines
pq and rs are parallel, then we write pq‖rs.
Theorem 1. There exists a convex decagon D0 with the property that the relative distance of any two vertices is greater than 23 .
That is,Φ10(C) > 23 .
Proof. LetD = p1p2p3p4p5p6p7p8p9p10 be a decagon. The coordinates of p1, p3, p4, p6, p8, p9 are (0,−
√
3), ( 79 ,− 1725 ), (1, 0),
(0,
√
3
2 ), (−1, 0), (− 79 ,− 1725 ) in a Cartesian system, respectively. (See Fig. 1.)
Take a straight line p1a through the point p1 such that p1a‖p3p4, where a is the intersection point of the lines p1a
and p4p6. Since the equation of p1a is y = 15350 x −
√
3 and the equation of p4p6 is y = −
√
3
2 x +
√
3
2 , the coordinate of
the point a is ( 75
25+51√3 ,
153−50√3
50+102√3 ). By an elementary computation we have |p1a| =
√
233181
50+102√3 and |p3p4| =

25909
50625 . So
dD(p3, p4) = 2 ·

25909
50625/
√
233181
50+102√3 = 0.6716 · · · > 23 . By symmetry dD(p8, p9) = 0.6716 · · · > 23 .
Draw a straight line p4b through the point p4 such that p4b‖p3p1 and b is the intersection point of the lines p4b and
p1p9. According to a simple computation we know that the equation of p4b is y = 97 (
√
3 − 1725 ) · (x − 1), the equation
of p1p9 is y = − 97 (
√
3 − 1725 )x −
√
3, and the coordinate of the point b is ( 50
√
3−153
18(25
√
3−17) ,
153−400√3
350 ). Hence we obtain
|p4b| = (400
√
3 − 153)

1
(450
√
3−306)2 + 13502 and |p1p3| =

( 79 )
2 + (√3− 1725 )2, so dD(p1, p2) = dD(p2, p3) = |p1p3||p4b| =
0.68213 · · · > 23 . By symmetry dD(p1, p10) = dD(p9, p10) = 0.68213 · · · > 23 .
Let p8c be the straight line through the point p8 such that p8c‖p6p4 and c is the intersection point of the lines p8c
and p1p3. By an elementary computation we conclude that the equation of p8c is y = −
√
3
2 x −
√
3
2 , the equation of
p1p3 is y = 97 (
√
3 − 1725 )x −
√
3, and the coordinate of the point c is ( 1225
√
3
4375
√
3−2142 ,
1071
√
3−8400
4375
√
3−2142 ). Then we have |p8c| =√
172669287−41983200√3
4375
√
3−2142 and |p6p4| =
√
7
2 . So dD(p4, p5) = dD(p5, p6) = |p6p4||p8c| = 0.71925 · · · > 23 . By symmetry dD(p6, p7)
= dD(p7, p8) = 0.71925 · · · > 23 .
Compactness arguments imply that we may slightly move the points p2, p5, p7, and p10 toward the exterior of D in such
a way that the convex hull becomes a convex decagon D0 and each relative distance of arbitrary two consecutive vertices of
D0 is still greater than 23 . The proof is complete. 
According to Theorem 1, we know that the above-mentioned conjecture about ten points does not hold.
Theorem 2. There exists a convex nonagon N with the property that the relative distance of any two vertices equals
√
3−1. That
is,Φ9(C) ≥
√
3− 1.
Z. Su et al. / Discrete Applied Mathematics 160 (2012) 303–305 305
Fig. 2. The nonagon N in Theorem 2.
Proof. Let N = p1p2p3p4p5p6p7p8p9 be a nonagon and the coordinates of p1, p2, p3, p4, p5, p6, p7, p8, and p9 are (0,−
√
3),
(1,
√
3 − 3), (1,
√
3
2 − 32 ), (1, 0), (0, 0), (−1, 0), (− 1+
√
3
2 ,
√
3−3
2 ), (−
√
3,
√
3 − 3), (−
√
3
2 ,− 32 ) in a Cartesian system,
respectively, as shown in Fig. 2.
It is easy to check that p1p2‖p4p8, p1p8‖p2p7, and p4p6‖p2p8. Then |p2p8| =
√
3+ 1 and thus dN(p4, p5) = dN(p5, p6) =
2√
3+1 =
√
3−1. Since |p1p8| =

24− 12√3 and |p2p7| =
√
6,we obtain dN(p8, p9) = dN(p1, p9) = |p1p8||p2p7| =

4− 2√3 =√
3− 1. Obviously, dN(p2, p3) = dN(p3, p4) = |p2p4||p1p5| = 3−
√
3√
3
= √3− 1 and dN(p6, p7) = dN(p7, p8) = |p6p8||p1p4| =
√
3− 1. By
a simple computation we get |p1p2| =

22− 12√3 and |p4p8| =

16− 4√3, so dN(p1, p2) = 2 ·

22−12√3
16−4√3 =
√
3 − 1,
and the proof is complete. 
From [9] we know thatΦ9(C) ≥ 6− 2
√
7, by Theorem 2 we haveΦ9(C) ≥
√
3− 1. Since√3− 1 > 6− 2√7, Theorem 2
improves the bound aboutΦ9(C).
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